Let f ∈ Z[T ] be any polynomial of degree d > 1 and F ∈ Z[X0, ..., Xn] an irreducible homogeneous polynomial of degree e > 1 such that the projective hypersurface V (F ) is smooth. In this paper we give a bound for
A fundamental role in Analytic Number Theory is played by the combination of sieve methods and bounds for sums involving algebraic functions as the additive and multiplicative characters. In this paper we present a blend of this type, introducing a generalization of the following results (i) The square sieve, or the more general power sieve of Heath-Brown and Munshi ([HB84] , [Mun09] ),
(ii) Deligne's and Katz's estimates for additive and multiplicative characters in many variables ( [Del74] , [Kat99] and [Kat02] ), and combining them to establish the following:
Theorem 0.1. Let f ∈ Z[T ] be any polynomial of degree d > 1 and F ∈ Z[X 0 , ..., X n ] an irreducible homogeneous polynomial of degree e > 1 such that the projective hypersurface V (F ) is smooth. We denote N (f, F, B) := |{x ∈ Z n+1 : max 0≤i≤n |x i | ≤ B, ∃t ∈ Z such that f (t) = F (x)}|.
Then we have N (f, F, B) ≪ d,e,n, f , F B n+ 1 n+1 log B. Where F and f are the heights of F and f respectively.
Remark 1. Using the large sieve and a result by Cohen ([Coh81] ), Serre has shown that ([Ser97, Theorem 2, Chapter 13]):
N (f, F, B) ≪ d,e,n, f , F B n+ 1 2 . in particular, we improve Serre's bound as soon as n > 2.
Remark 2. Theorem 0.1 generalizes [Mun09, Theorem 1.1], there f = T d with d ≥ 2.
As we already mentioned, Theorem 0.1 is a combination of the polynomial sieve (which we do not state here since it is a bit technical) with bounds of the following type:
ii) if p ≡ 1 mod d, one decomposes the characteristic function of d-th powers modulo p using multiplicative characters of order d
These two remarks lead to the following Lemma 1.1 ( [HB84] , [Mun09] ). Let P be a finite set of prime numbers p ≡ 1 mod d and P := |P|. Assume that (a(n)) n is a sequence of non-negative numbers such that a(n) = 0 if n = 0 or n ≥ e P . Then
n a(n)χ p (n)χ q (n) .
(2)
A polynomial sieve
Our goal is to generalize the power sieve to any polynomial with coefficients over Z: let h ∈ Z[T ] with deg h > 1, we denote P h := {p prime: h(F p ) = F p }.
We want to provide an upper bound for
where (a(n)) n∈N is as before. Also in this case, one has that if n ∈ h(Z) then n ∈ h(F p ) for all prime number p. Then, as in the case of the d-powers, to generalize the power sieve we need a decomposition of the characteristic function 1 h(Fp) for any p ∈ P h . This is done in [FKM14a, Proposition 6.7], indeed Fouvry, Kowalski and Michel showed the following:
Proposition 1.2. Let p, ℓ be two distinct primes and let h ∈ F p [T ] a non trivial polynomial of degree deg h < p. There exists an integer k p ≥ 1 and a finite number of trace function t i,p associated to middle-extension ℓ-adic sheaves F i,p , 1 ≤ i ≤ k p which are pointwise pure of weight 0 and algebraic numbers c i,p ∈ Q such that
for all x ∈ F p \ S h,p , where S h,p := {h(x) : x ∈ F p , h ′ (x) = 0} ∩ F p and with the following properties:
i) the constants k p , |c i,p | and the conductor of F i,p (see Definition 2.1), c(F i,p ), are bounded only in terms of deg g, ii) the sheaf F 1,p is trivial and none of F i,p for i = 1 is geometrically trivial, and moreover
iii) all F i,p are tame.
Using this we can prove Lemma 1.3. Let h be a polynomial in Z[T ] with deg h = d ≥ 2. Let P ⊂ P h be a finite subset of P h and denote P := |P|. Then for any sequence (a(n)) n of non-negative numbers such that a(n) = 0 if |{p ∈ P : n ∈ S h,p mod p)}| ≥ P 2d we have
where the functions t i,p (·) and the sets S h,p are the ones in the decomposition of 1 h(Fp) in Proposition 1.2.
Proof. For any p ∈ P h with p > d, an application of Proposition 1.2 leads to the decomposition
Then we consider the weighted sum
Thanks to the fact that h(F p ) = F p (since P ⊂ P h ), one has that ([Tur95, Proposition 2.11])
Thus we have that for any p ∈ P and for any z ∈ h(F p ) \ S h,p the following inequality
where the last step uses the vanishing assumption on the sequence (a(n)) n . Hence P 2 V h (A) ≪ d Σ by positivity. Opening the square in Σ we get the result.
Remark 5. Taking the polynomial h = T d we recover Lemma 1.3. See [Bro15] , for another way to generalize the Power Sieve.
Remark 6. The vanishing condition on the sequence (a(n)) n is necessary: let h = T d and m be a number such that p|m for any p ∈ P, then m = 0 or m ≥ e P . Consider the sequence
For this sequence V T d (A) = 1 while the right hand side in (4) is O(P −1 ).
Sums of Trace functions over polynomials of Deligne type
Notation end statements of the general version of Theorem 0.2 and Theorem 0.3
In this section we recall some notion of the formalism of trace functions and state the general version of Theorem 0.2 and Theorem 0.3. For a general introduction on this subject we refer to [FKM14b] . Basic statements and references can also be founded in [FKM15] . ii) For any h ∈ F p [T ], the trace functions t i,p appearing in Proposition 1.2. Notice that for h = T d , the t i,p s are just the multiplicative characters of order d.
iii) The n-th Hyper-Kloosterman sums: the map
can be seen as the trace function attached to the Kloosterman sheaf Kℓ n (see [Kat88] for the definition of such sheaf and for its basic properties). 
Remark 7. We recall that if F is middle-extension sheaf then
since in this case F ∼ = j * j * F and dim H c 0 (A F 1 q , F ) = 0. Definition 2.2. Let F be a Fourier sheaf and ψ a non trivial character over F q . Fix e ∈ N ≥1 and consider the morphism
Fq , x → x e Then we can define the ℓ-adic sheaf T e (F ) as
Observe that combining [Kat88, Paragraph 1.3] with [FKM14b, Paragraph 3.4] one obtains
.., X n ] be a polynomial in n variables of degree d ≥ 1, say:
where f i are homogeneous polynomials of degree i. We say that f is of Deligne type if p ∤ d and the zero set, V (f d ), of f d defines a smooth hypersurface in P n−1 Fq . Notation 2.1. We use the following conventions: i) if Y is a scheme over a field k and F is a constructible ℓ-adic sheaf on Y we will denote
Moreover, we will denote by t F the trace function attached to F .
ii) Any scheme is a scheme over F q and any morphism is a F q -morphism.
iii) For any g ∈ F q [X 1 , ..., X n ] we denote by G ∈ F q [X 0 , X 1 , ..., X n ] its homogenization. Moreover, we denote the affine variety associated to g by V (g) and the projective one associated to G by V (G).
Now we can state our main results
Theorem 2.1. Fix d, e ≥ 1, p a prime number such that p ∤ d, e and q = p α for some α ≥ 1. Let ℓ = p be a prime number and let F be a middle-extension ℓ-adic sheaf on A 1 Fq of weight 0. We assume that the geometrically irreducible components of F are no geometrically trivial, i.e.
Fq . If any geometrically irreducible component of F , F i , satisfies one of the following conditions:
ii) the sheaf F i is wildly ramified at ∞, then we have
Theorem 2.2. Fix d, e ≥ 1, p is a prime number such that p ∤ d, e and q = p α for some α ≥ 1. Let F, G ∈ F q [X 1 , ...X n ] be homogeneous polynomials in n variables of degree d and e respectively.
Fp . Moreover assume that T e ([x → x d ] * F ) is geometrically irreducible, not geometrically trivial and is either i) ramified at 0, ii) wild ramified at ∞ and some slope at ∞ of F i is = 1.
Then one has
where ψ is a non-trivial additive character of F q .
Remarks and related works
i) Using [Del74, Theorem 8.4] one can prove that
and
Hence, we improve the error terms in (8) and (9) of a factor q 1/2 and q respectively.
ii) Theorem 2.1 was already established in the case of t F = ψ a non-trivial additive character ( [Del74] ) and in the case of t F = χ a non-trivial multiplicative character ([Kat99]).
iii) A more general version of Theorem 2.2 was known already in the case t F = χ a non-trivial multiplicative character ( [Kat02] ).
Proofs of Theorem 2.1 and Theorem 2.2
The Incidence variety
Let g(X 1 , ..., X n ) be as in Theorem 2.1 and G(X 0 , ..., X n ) its homogenization and consider
Fq , and the constructible Q ℓ -sheaf f * F on U 0 . By the Lefschetz trace formula, we get
To compute the right hand side of the equation (10) we are going to use the same strategy of [Del74, Theorem 8.4], [Kat99] and [Kat02] . One introduces the incidence varietỹ
Fq . Moreover notice that U 0 can be viewed as an open subset ofX thanks to the map
and by definition off one has:f |U0 = f. The closed complement of U 0 is given by:
Arguing as [Kat99, Lemma 11], one rewrites the sum of the trace of the sheaff * F onX as
Hence in order to compute the right hand side of the above equality we need to understand the size of the cohomology groups H j c (A 1 Fq , F ⊗ R if * Q ℓ ) and the action of the Frobenius automorphism on these groups.
Properties of R if * Q ℓ
We can state the following proposition concerning the property of the higher direct image sheaves
then the following properties hold:
Fq where R nf * Q ℓ is lisse, then one has the exact sequence:
where j * j * R nf * Q ℓ is geometrically constant and P punctual. 
Fq . Proof. Thank to points (ii) and (iii) of the previous proposition we have that for any i ≥ n+1 the sheaves R if * Q ℓ are lisse on A 1 Fq and tamely ramified at ∞, so they are geometrically constant.
We conclude this section by calculating the cohomology of the sheaf R nf * Q ℓ :
Lemma 2.5. One has that:
The short exact sequence in (11) leads to the long exact sequence for cohomolgy groups
Then the result follows thanks to the fact that
Bounds for the conductor of the cohomology groups Lemma 2.6. We have
Proof. We have two cases i) for j = 2 and any i we can argue as follow: we can consider an open Zariski dense set U i where F and R if * Q ℓ are both lisse and pointwise pure. 
is lisse at s i and thus G is lisse at s i . Then F i and G are not geometrically isomorphic because s i ∈ Sing(F i ) and s i / ∈ Sing(G).
ii) if i ≥ 2n − 1 then a consequence of the proper base change Theorem tells us that for any
. On the other hand, the right hand side of the equation above vanishes sincef has dimension n − 1.
Lemma 2.7. For any i one has that
Proof. Thanks to the inequality [FKM15, Proposition 8.2, part (3)] it is enough to prove that 
Fq . Let us consider the polynomials
, and for any i = 1, ..., n
Notice that H λ,i are polynomial of degree (e − 1)(d − 1) for i = 1, ..., n and of degree max(d(e − 1), (d − 1)e) for i = 0, n + 1 and that H λ,i does not depend on λ for i = 1, ..., n. Recall that the resultant of k polynomials in k + 1 variables f 1 , ..., f k of degree respectively of degree d 1 , ..., d k is an irreducible polynomial in the coefficients of f 1 , ..., f k which vanishes if f 1 , ..., f k have a common root. Using this we can conclude that if V (g) ∩ V (f − λ) is singular then
On the other hand for any i = 1, ..., n the coefficients of H λ,i are independent of λ and the ones of H λ,0 , H λ,n+1 can be viewed as linear polynomial in λ, then
is a polynomial. Moreover r(λ) is not the zero polynomial because r(0) = 0 by hypothesis 
so in order to find the Rank(R if * Q ℓ ) λ it is enough to calculate the dimension of the cohomology groups in the right-hand side of (13). Iff is smooth at λ, using [Del74, Theorem 8.1] we get
where b n−1 (f −1 (λ)) is the (n − 1)-th Betti number which can be bounded in terms of d, e, n only. Then Rank(R if * Q ℓ )) ≪ d,e,n 1. Now we turn our attention to the size of dim H 0
. For any ℓ-adic sheaf G one has that (see [Kat80, 4.4, 4 .5])
,n 1 in the case wherẽ f −1 (λ) is a variety with at most isolated singularities, this is done for example in [Kat91, Appendix, Theorem 1]. Hence
To conclude the proof we need to bound the Swan conductors at singular points. We denote by 
On the other hand using the decomposition ofX
Let us assume the Lemma above. Observing that E 1,i
since b n (U 0 ), b n−2 ((V (F )∩V (G)∩V (X 0 )) ≪ d,e,n 1. At this point, one can apply the Grothendieck-Ogg-Shafarevich Formula getting
On the other hand we have H 0
To complete the proof of Lemma 2.7 we need to prove Lemma 2.8.
proof of Lemma 2.8. We know thatX
Let us denote by j : U 0 ֒→X the open embedding of U 0 inX and by i : Z ֒→X the closed embedding of Z inX. Then we have the exact sequence
where Q ℓ denotes the trivial sheaf. This short exact sequence leads to the long exact sequence
combining this with [Del74, Theorem 8.1], the Lemma follows.
Frobenius action
Lemma 2.9. For any even i ≥ n + 1 one has that:
Proof. By Proposition 2.3, we know that for i ≥ n + 1 even the sheaf R if * Q ℓ is geometrically irreducible and geometrically constant i.e.:
where α i = χ i (Fr geom ) and α i is a q-Weil number of weight ≤ i ([Del80, Theorem 1]). Applying the Grothendieck-Lefschetz trace formula ([SGA4.5, Expose VI]) one has that
For the sheaf j * j * R nf * Q ℓ we have to distinguish two cases:
i) n odd. In this case one has Rank(R nf * Q ℓ ) = 0, then Rank(j * j * R nf * Q ℓ ) = 0 and this implies t j * j * R nf * Q ℓ (λ) = 0 for any λ ∈ A 1 Fq .
ii) n even. By Proposition 2.3, the sheaf j * j * R nf * Q ℓ is geometrically constant of rank 1, then
for some character χ n :
with α n = χ n (Fr geom ), and α n is a q-Weil number of weight ≤ n ([Del80, Theorem 1]).
We can state both cases by writing
By the Grothendieck-Lefschetz trace formula we get
This shows that in order to compute α i it is enough compute Tr(Fr |H 2
Lemma 11], we can write
Then using the fact that for i ≥ n + 1 the sheaves R if * Q ℓ are geometrically constant, that R if * Q ℓ = 0 for i odd, and applying Lemma 2.5 one gets
Applying Lemma 2.7 and [Del80, Theorem 1, Theorem 2] one gets
where for any i ≥ n in the above sum, |qα i | = q i 2 +1 . On the other hand one easily compute |X(F q )| just using the decompositionX = U 0 ⊔ Z, obtaining
Comparing the right hand side of (16) with the one of (17) (replacing F q by a suitable extension F q ν if necessary) we obtain that qα i = q i 2 +1 , thus
for any i ≥ n as we want. Tr
Fq , F ⊗ R if * Q ℓ ) = 0 for j = 0, 1 and there is nothing to prove. Otherwise F ′ := F ⊗ R if * Q ℓ ∼ =geom F and this implies that:
for any x ∈ F q , thanks to the previous lemma we know that in this case α i = q i 2 and the result follows. The same argument can be used to prove the second part of the statement.
The action of the Frobenius on the cohomology groups H i c (Z,f * F |Z ) instead can be calculated by observing that
Fq and using the Künneth formula (see [Mil80, VI.8])
Combining this with the functoriality of the Frobenius one gets
and this leads to:
Lemma 2.11. With the same notation as above one has
Proof. Combine the above discussion with [Del74, Theorem 8.1].
End of the proof of Theorem 2.1
We are finally ready to prove Theorem 2.1. First of all observe that
Arguing as [Kat99, Lemma 11], one has
thanks to Lemma 2.7 and Corollary 2.10 one gets that
On the other hand combining the Lefschetz trace formula forf * F |Z on Z with Lemma 2.11 we get
subtracting (19) to (18) we get:
as we want.
Proof of Theorem 2.2
We start writing
where for any a, b ∈ F q N (a, b, F, G) := |{x ∈ F n q : F (x) = a and G(x) = b}|. At this point it is useful to i) recall that for any a, b ∈ F q one has that
this can be proven by using the transformation (x i ) → (ηx i ). On the other hand the morphism
is a surjection onto F × q × F × q with |ker(ϕ)| = (d, q − 1). Thus we can rewrite (20) as
Now we remove the condition η ∈ F × q in the last sum. To do so, we observe that
where in the last step we used (21). On the other hand we have
Moreover N (0, 0, F, G) = q n−2 + O d,e,n (q n−1 2 ) because by hypothesis the affine variety {x ∈ F n q : F (x) = 0 and G(x) = 0} is singular only at the origin. So we can rewrite (22) as
where
). Let us discuss first
To simplify the notation we will denote G α,e := [×(−1)] * T e ([×α] * [x → x d ] * F ). Observe that
On the other hand one has that G α,e is irreducible and not trivial since G 1,e = [×(−1)] * T e ([x →
x d ] * F ) is so (see Lemma 2.12). Moreover F − α and G are polynomials of Deligne type and Hence the sheaves G α,e are geometrically irreducible, not geometrically trivial, and they are either ramified in 0 or wild ramified at ∞. Moreover V (F − αX d 0 ) is smooth for any α = 0. Then we can apply Theorem 2.1 getting
Hence we get
For the first term of (22) we can argue as follows 
Using the fact that the term q n−2 t F (0) is counted twice in the left hand side and recalling the definition of E(q) = −q n−1 t F (0) + O d,e,n,c(F ) (q n 2 ) we get
Some examples.
In the following we will denote F the family of geometrically irreducible middle-extension ℓ-adic sheaf on A ii) First observe that we may assume that F is not geometrically trivial otherwise the result is straightforward. Let us start writing
If e > 1 and [×η] * F = geom F for every non trivial e-root of unity η, we obtain
Applying [Kat96, Lemma 7.0.3] we get the result.
iii) Observing that
for any x ∈ F q , we get
by the hypothesis on T e (F 
Fp is smooth and for any u ∈ F n p such that V ( x, u ) is not tangent to V (F ). Proof. Let us denote F the ℓ-adic sheaf attached to t. If F = geom K χ(T ) a Kummer sheaf attached to a character χ of order dividing d then the result is a special case of [Kat07, Theorem 1]. So we may assume F = geom K χ(T ) for any Kummer sheaf attached to a character χ of order dividing d. Let us start proving that [x → x d ] * F is not geometrically trivial. We start writing 
On the other hand, one has that
). Now we have to distinguish two cases:
In both cases we can apply Theorem 2.2 and we get the result.
Proof of Theorem 0.1
The strategy of the proof of Theorem 0.1 is similar to the one presented by Munshi in [Mun09] with some modification. Let W : R n+1 −→ R be a non-negative smooth function with support in the box [−B, B] n+1 satisfying
these property leads to the following bound for the Fourier transform
where u = (u 0 , ..., u n ). Let P ⊂ P f be a finite subset of P f to be chosen later and define
where S := {k : |{p ∈ P : k ∈ S h,p mod p)}| ≥ P 2d } . By definition (a(k)) k satisfies the hypothesis of Lemma 1.3, then the polynomial sieve gives
We estimate the first term in the right hand side trivially as k a(k) ≪ B n+1 . Thus to prove Theorem 0.1 we have to bound
for any p = q, where
Using the Poisson summation formula we can rewrite (24) as
where g(u, p, q, i, j) := a mod pq t i,p (F (a))t j,q (F (a))e a, u pq .
Using the Chinese Remainder Theorem we can split the above sum as
The problem now is to give a good bound for g(u, t i,p ). Assume that the smooth variety V (F ) is still smooth modulo p and denote it by V p (F ). Moreover we denote by V (F ) * its dual variety.
Recall that the dual variety of an hypersurface it is still an hypersurface; we denote by G the homogeneous polynomial of degree e such that V (G) = V (F ) * ⊂ P n . We can distinguish three situation:
i) u ≡ 0 mod p. In this case we say that u is of 0-type, ii) u is non-zero modulo p and the associate hyperplane a, u = 0 is not tangent to V p (F ).
In this case we say that u is good, iii) u is non-zero modulo p and the associate hyperplane a, u = 0 is tangent to V p (F ). In this case we say that u is bad. 
where the prime indicates that the sum is restricted over those vectors u ∈ Z n+1 which are bad for both for p and q. First observe that u = (u 0 , ..., u n ) is bad for p > e if and only if ([u 0 : ... : u n ] mod p) ∈ V p (F ) * ⊂ P n the reduction modulo p of the dual variety. Then we conclude that u = (u 0 , ..., u n ) is bad for p > e if and only if (u mod p) ∈ {F n+1 p : G(u) = 0 mod p}. Thus For the following v := (u 1 , ..., u n ). Observe that we can write G(X) as
where G i are homogeneous polynomials of degree i in the variables X 1 , ..., X n . Without loss of generality using a different variables than X 0 , we may assume that there exists 0 ≤ i ≤ e − 1 such that G i (V) is not identically zero (for i = 0 we mean G 0 = a 0 ). Then 
If G(X 0 , v) is not the zero polynomial it has at most e 2 roots modulo pq then If the polynomial G i mod pq is a constant (i.e. i = 0) we are done since for B large enough the sum is then empty. Otherwise we can rewrite it as
Thus we can repeat the argument above applied to G i getting
The bounds for S g,0 , S g,b and S 0,b are similar. Now we choose the set P as P := {p : f (F p ) = F p , p is of good reduction for V (F ) and Q ≤ p ≤ 2Q},
where Q is such that Q ≤ B ≤ Q 2 to be chosen later. Then |P| ≫ Q log Q (the set of prime p such that f (F p ) = F p has positive density in the set of the prime numbers) and any p ∈ P has size Q so 
